FERMIONIC FORMULAS FOR (fc, 3)-ADMISSIBLE 
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Abstract. We obtain the fermionic formulas for the characters of (fc, r-)-admissible 
configurations in the case of r = 2 and r = 3. This combinatorial object appears 
as a label of a basis of certain subspace W{A) of level-fc integrable highest weight 
module of sir- The dual space of W^(A) is embedded into the space of symmetric 
polynomials. We introduce a filtration on this space and determine the components 
of the associated graded space explicitly by using vertex operators. This implies a 
fermionic formula for the character of W(A). 



1. Introduction 

Let sir- be the affine Lie algebra sl^ (8) C[t, © Cc © Cd and L{A) the integrable 
highest weight module for dominant integral weight A of level k. We denote by a the 
commutative Lie subalgebra of sir generated by the elements 

e2i[n],e3i[n],. . . ,eri[n], n G Z. 

Consider the a-submodule 

W{A) := U{a)vA, (LI) 

where G L(A) is the highest weight vector satisfying eij[n]vx = 0, (n > 0). Our 
problem is to find some formulas for the character of VF(A). In Prime constructed 
a basis of VF(A). His basis consists of vectors parametrized by the combinatorial ob- 
ject called {k, r)-admissible configurations. We can introduce some degrees on {k, r)- 
admissible configurations and define the character, which is equal to that of VF(A). 



In [FJLMMl] certain formulas, called 'bosonic formulas', for the character of {k,r)- 



admissible configurations are obtained (see also FJLMM^]) . Connections to Jack and 



Macdonald polynomials are discussed in ||FJMM1| , |FJMM2| , [FJMMTlf . In this paper 



we find another type of formulas in the cases of r = 2 and r = 3. 

We start from an algebra E/y isomorphic to VF(A) as vector spaces. The algebra 
i?A is constructed by generators e2i[n], . . . , eri[n], {n < 0) with some relations. We 
will obtain the Cordon-type (or 'fermionic') formulas for the character of E\ by using 
vertex operators. 

Let W be a vector space with non-degenerate quadratic form (•,•), and let T be 
an integral lattice in W, i.e., (71,72) S Z for any 71,72 S L. With such data we 
can associate a lattice vertex operator algebra Vp. The algebra Vp is generated by 
vertex operators V{'y,z) (7 G r,2; G C). Let us take a set {pi,...,p.„} of linearly 
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independent vectors from W, and consider the subalgebra C generated by the vertex 
operators ai{z), . . . , an{z) where ai{z) = V{pi, z). The operators ai{z) satisfy quadratic 
relations. It can be easily formulated in the case when {pi,Pj) > for all In this 
case, we have 

[aa{z),aa{w)]± = 0, where + (resp., — ) if {pa,Pa) is odd (resp., even), (1.2) 
[aaiz),a/3{'w)] =0, if a / /3, (1.3) 
aa{z)diai3{z) = for / < {pa^Pp)- (1-4) 

If {pa-iPp) < 0, then the relations are also quadratic, but aa{z) and ap{w) are not 
commutative. 

Let us continue the discussion under the condition {pi,Pj) > 0. It is important that 
the relations (|L^)-(|L4|) are the set of defining relations. This fact actually is equivalent 
to the following statement about representations of C. Let aa[i] be components of 0^(2;), 
i.e., aa{z) = X^jgg aa[i]2\ Choose the irreducible representation of Vr with the vacuum 
vector V satisfying aQ,[z]w = for f < 0. Consider the space W = Qv. Let 6 : W ^ C 
be a linear functional. Define the function 

^'g^'---'"'"(zi,...,Zm) = {9,aa^{zi) ■ ■ ■ aa,r^izm)v). 

It has a form 

*^i'-'"-(zi, ...,z^) = F{zi, ...,zm)llz, lliz, - ZjYp-''P-^\ (1.5) 

i i<j 

where F is a polynomial which is symmetric with respect to the transposition of Zi with 
Zj if ai = aj. 

Let S be the space of functions of the form ( |l.5D . More precisely, we have a direct 
sum S = ©5'qj^...^q,„, where the set of indices (ai . . . , Om) is defined up to permutations. 
The statement is that the map W* — > S is an isomorphism. This fact is equivalent to 
the relations (|1.2|)- (|1.4| ), and also gives a possibility of writing down the character of 
the space W. The space W is naturally graded by degaQ[i] = i as well as the function 
space S by degZj = 1, and we have the equality of the corresponding characters: 
chW = I](ai,...,a„)Ch5„i,...,o„. We have 

where rrij is the number of i such that Oi = j. Using this formula, we get a Gordon- type 
formula for the character of the space W. 

Our strategy is to compare the more complicated algebras with the algebras like S. 
Let us consider the simplest example. 

In the algebra E = C[e[0], e[— 1], e[— 2], . . .] there are a sequence of ideals E D Ji D 
J2 • • • . Here Js is the ideal generated by the components e^*^[i] of the current e{zY = 
i^e[i]z'^Y = ^e^^^[i]z\ We want to study the quotient E/Jk+i = Ek- Filter E^ by 
ideals 

Ek Jk ^ Jk ^ ■ ■ ■ ^ 
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and construct the corresponding associated graded algebra 

£;« = E^/Jk ® Jk/Jl © Jl/Jl ® • • • . 

We denote by the same symbol Jk the image of Jk C E in E^- Note that Ek/Jk — E^-i 
and the algebra E'j^^ is generated by the components of the currents e(z) € E^/ Jk and 
e^^\z) G Jkl J\- The current e('^')(z) corresponds to the current e{z)^ from E. In the 
algebra E^j Jk — E^-x we have ideals E^-x D Ji D J2 13 • • • D ^fc-i- Let ji^^ be an 
ideal in E^^^ generated by Jg C E^-x- In S^"*^^ there are ideals j'^^ D Jg^"* D • • • D J^l^ 
We can repeat such a construction and get the algebra 

Obviously, the algebra E^^^ is generated by the component of the currents 6(2), e^^^i^z) € 

^fc^V4-i and e('=-^)(z) G 4-V( J^i^i)^. In Efe_2 = ^^^V-^fe-i we have its own se- 
quence of ideals E^-i D Ji D J2 D • • ■ D Jk-2i and we can repeat what we did before. 

As a result we get an algebra E^^ which is generated by e{z)^e^^~^^{z)^e^^^{z). Then, 

(2) (fc) 
filter EX' again, and so on. In the end we construct an algebra E^ , which we denote 

by Ek- The algebra Bk is generated by e(z) = eS^^{z\ e'^^)(z), . . . , e^^\z). It has many 

gradings. Surely, it inherits the g-grading, dcgCj = i. It has also Z'^-grading: each of 
, , a— th 

the generators e-'^' {z) is homogeneous and has grading (0, . . . , 1 , . . . , 0). By a simple 
calculation, one can check that the generators e^"^ (z) satisfy the quadratic relations, 

{z) = for I < 2min(Q;,/3). (1-6) 

Actually, these relations are defining relations for Bk- One way to prove this statement 
is to compare Bk with some algebra generated by vertex operators. Now, we explain 
how to do it. ^ 

Consider an integrable representation of 5(2 of level k. It is known that in such a 
representation the current e2i{z) satisfies the relation 621(2)'^^^ = 0. Here 621 is the 
nilpotent generator of SI2 and e2i{z) is the corresponding current. 

The explicit construction of such an 621(2;) uses the so-called vertex operator re- 
alization. To do it consider the vector space W with a base Pi, ■ ■ ■ ,Pk and a bilin- 
ear form {pi,Pj) = 2(5jj. Let ai{z) = V{pi,z) and bi{z) = V{—pi,z). Let e2\{z) = 
ai{z) + ■ ■ ■ + ak{z) and 612(2) = bi{z) + ■ ■ ■ + bk{z). It is well-known that such 621(2;) 
and 612(2;) generate sl2 of level k. The whole construction is nothing but the tensor 
product of k copies of the standard vertex oeprator realization of sl2 of level 1. 

The representation of the corresponding vertex operator algebra after restriction to 
SI2 is a sum of integrable representations of level k. Choose the vacuum vector v in the 
representation 7 of the vertex operator algebra which generates the vacuum module for 
s[2- (Our convention is such that Cij [n]v = for n > 0.) There is a map (p : Ek ^ 3^ such 
that P(e[0], e[-l], . . .) ^ Pie[0], e[-l], ...)v. We wiU prove that ip is an embedding. 

Consider the family of maps ■ Ek ^ 9^ where £ G C, e / which send 621 [i] to the 
i-ih. component of the current 6^(2;) = 01(2;) -|- £02(2;) -|- • • • -|- £'^~^ak{z). Let (po be the 
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limit of when e ^ 0. More precisely, we want to study the limit Wq of the image of 
when e — > 0. First consider the limit of operators 

lim ee{z) = ai[z)^ 

lim e~"'"ee(2;)^ = 01(^)02(2;), 

e— >0 

. . . , 

lim e^~^ee{zy = ai{z) ■ ■ ■ as{z). 

Note that Ps{z) = ai{z) ■ ■ ■ as{z) are vertex operators V{qs,z) where g^'s are vectors 
such that {qajQp) = 2min(a, /?). It means that they satisfy the same quadratic relations 

as generators e'^{z) in the algebra Bk- Looking more carefully at the limit e — > 0, it 
is possible to show that we have a surjection Bk — > lime^o¥'e(-£'fc)- It means that there 
is a family of algebras Us such that Uq ~ Bk, — Ej. for e ^ 0, and ip^ : ^ 9". 
Therefore, we have a surjection Bk — > Wq, and in Wq there is a subspace Wq = Qv 
where S is the algebra generated by Ps{z)- 

Comparing the characters of Bk , Wq and Wq we get that actually they are all iso- 
morphic. As a corollary, we establish the Gordon-type formula for the character of 
Ek- ^ 

There are many cases that can be studied in a similar manner. We can replace 5X2 
by g for any simply-laced semi-simple Lie algebra g. Let n be a maximal nilpotent 
subalgebra in g, Lfc the vacuum representation of g of level k, v the vacuum vector of 
Lk and Wq = U (n)v C Lk- 

Following pK[ we can realize Li as a representation of some lattice vertex operator 
algebra. In this construction, simple root generators ga{z) G n are just vertex operators 
(up to some twisting, which is not essential in our argument). Operators ga{z) in 
representation of level k can be represented as a sum of vertex operators: ga{z) = 

9a\z) + ga\z) + • • • + ga\z). Now let us use the same e-method. Namely, introduce 
operators 

g^4z) = g^^\z) + eg(^\z) + • • • + e'-'gi'\z). 

Again, we consider the limit e — > 0, and repeating the process in the 5I2 case we get 
the following result, which was formulated in [FS|. 



„|(Dm,m) 

chWo= 



Here r is the rank of g and D is the tensor product of two matrices C ® G, where C 
is the Cartan matrix of g and G is the k x k Gordon matrix, i.e., G = (G^,/?) where 
Ga,i3 = min(a, 

In a slightly different manner, the same method is used for the problem which we 
will consider in this paper. 

Let Lk be the vacuum representation of sl^ of level k. By eij{z) we denote the 
standard basis of SI3 (1 < i,j < 3). Let a{z) = e2i{z) and b{z) = 631(2). It is known 
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that in Lk the currents a{z) and b{z) satisfy the relations 

a(z)"6(z)^ = Oifa + p = k + l. 

These are equivalent to the integrability of representation. For k = 1, a{z) and b{z) can 
be realized by vertex operators: a{z) = V{qi,z) and b{z) = V{q2,z) where {qi,qi) = 
[12, 0.2) = 2 and (91,^2) = 1- Again, for a bigger k, we consider a{z) = V{ti^z) + 
• • • + V{tk-, z) and h{z) = z) + ■ ■ ■ + V{sk, z) where ti, . . . ,tk and si, . . . ,Sk are 

vectors with the scalar products {ti,ti) = {si,Si) = 2, {si,ti) = 1 and(ij,tj) = {si,Sj) = 
{si,tj) = for i / j. 

Degeneration is given by formulas 

a{e, z) = V{tx,z) + EV(t2, + • • • + e^-^Y(ti,, z), 

bis, z) = e^-V(ti, z) + e''-^V{t2, z) + ■ ■ ■ + V{tk, z). 

The Gordon-type formula for the character of = Qv where C is generated by 
a{z),b{z) and v is the vacuum vector in L^, can be found in Theorem |8.8| . Again 
we have vertex operators which represent the currents a{z)'^ and b{z)^ , a,/3 < k. Now 
a{z)°'a{w)^ ~ (2 — By this we mean that in the representation an ar- 

bitrary matrix element {6^ ,a{z)°'a{w)^9) has the form {z — w)'^^^^^"''^^ f{z,w) where 
f{z,w) is a Laurent polynomial. The currents b{z)^ have the same properties and 
a{z)°'b{wf ~ (z - , with (m)+ = max(m, 0). 

In our paper we use the same e-method to study sla representations a little differently. 
Let us combine the currents a{z) and b{z) into a single one as e{z) = a(z^) + zb{z'^). 
The relations a°'{z)b^{z) = 0{a + (3 = k + l) can be written in terms of e{z) as 
e°'{z)e^{—z) = 0{a + /3 = k + l). The algebra sis has a vertex operator realization 
where the current e{z) is a sum of vertex operators, and all previous techniques can be 
used. For k = 1, e{z) satisfies the relations e{z)'^ = and e{z)e{—z) = 0. The matrix 
elements {O^^ , e{zi)e{z2)9) have the form {zi — Z2)'^{z\ + z^) f [^z\^ z^) where f{zi,Z2) 
is a Laurent polynomial. Such an e{z) can be realized as a vertex operator. An 
explicit formula is given by Ei^i(z) in ( |9.21| ). For k = 2, e{z) satisfies e{z)^ = and 
e{z)'^e{—z) = 0. Such an operator can be constructed as a sum e{z) = ai{z) + 02(2), 
with [ai{z),ai{w)] = 0, ai{z)'^ = and ai{z)a2{—z) = 0. Since the relations for ai{z) 
are quadratic, they can be realized as vertex operators. 

In general, for even k = 2s, we set 

e(z) = 01(2;) H h as{z) + bi{z) -\ h bs{z), 

[ai{z),aj{w)] = 0, [bi{z),bj{w)] = 0, [ai{z),bj{w)] = 0, 

ai{zf = 0, bi{zf = 0, ai{z)bi{-z) = 0. 
For odd A; = 2s + 1, 

e{z) = ai{z) -\ h 0^(2;) + c{z) + bi{z) -\ h bs{z), 

where ai{z),bi{z) satisfy the same relations as above, and 

[c{z),ai{w)] = 0, [c{z),bi{w)] = 0, c{zf = 0, c{z)c{-z) = 0. 

Such ai{z),bi{z),c{z) can be constructed as vertex operators, and these operators are 
a part of a vertex operator realization of the entire algebra sts. The e-deformation for 
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even k is given by 

ee{z) = ai{z) + ea2iz) + ■■■ + e'"^as(z) + e'bi{z) + ■■■ + e'^'^'^bsiz), 

and similarly for odd /c. 

The plan of this paper is as follows. Throughout this paper we consider (A:, 2) or 
(A;, 3)-admissible configurations with the initial condition ao < bo, see (|2.f 2[ ). This 
corresponds to the case of A = (A; — 6o)Ao + 60^1 for r = 2, and A = 60A1 + (A; — 6o)A2 
for r = 3. Here Aj's are the fundamental weights of sir- As we mentioned above, the 



case r = 2 has been studied in |FS]. Nevertheless we give here the details in order 



to illustrate the method of vertex operators. The fermionic formulas for r = 3 are 

(k r) 

new. First we introduce the algebra ' in Section 2. From Section 3 to Section 7 we 
consider the case of r = 2. In Section 3 the dual space {E^J^''^'^)* is realized as the space of 
functions F^^''^\ In order to calculate the character of F^'^'^) we define certain filtration 
{F;^} on F^^''^^ in Section 4. Each component of the associated graded space determined 



by this filtration is embedded into a space of functions G\ §x, see Proposition |6^. We 
will prove that this embedding is surjective by using vertex operators. We summarize 
some properties of vertex operators constructed with A;-dimensional bosons in Section 

5. In Section 6 we give the current 621(2) using the vertex operator and prove that 

— (2) 
the dual space Wq is isomorphic to the space G\ §x. This implies surjectivity of the 

(k 2) 

embedding and we get the fermionic formula for the character of Ej^ ' , which is given 
in Section 7. In Section 8 we apply the argument above to the case of r = 3. We 
use the two currents e2i{z) and 631(2;) and obtain the fermionic formula. As mentioned 
before we can construct a little different realization of the representation of 5I3 by using 
the mixed current e{z) = 621(2^) + 2631(2;^). This representation is of highest weight 
A = [^yiJAi + [|]A2. In Section 9 we obtain another type of fermionic formula in this 
special case using the current e{z). This fermionic formula is the one obtained from a 
combinatorial point of view in [|FJMMT2|] . We give additional results and discuss some 



remaining problems in Section 10. 

2. Preliminaries 

)lynomiaI algebra E^j^ 

mial ring 



(k r) 

2.1. A polynomial algebra E\ ' . Let r be a positive integer. Consider the polyno- 



:=C[ei[-n],e2[-n],--- , e^_i [-n]; n > 0]. (2.1) 

We define formal power series ej{z) in z by 

00 

6,(2) := ^ 6, [-n]2", (j = 1, . . . , r - 1). (2.2) 

n=0 

Denote by {Aj}[~Q the set of the fundamental weights of sir- Let A; be a positive 
integer and b = (bo, ... , br-2) a vector with non-negative integer entries such that 

< 60 < • • • < br-2 < k. (2.3) 
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We set the dominant integral weight A of level k by 

A={k- 6^r-2)Ao + ftoAl + (61 - 6o)A2 + • • • + (6r-2 - 6r-3)Ar-l. (2.4) 

(fc 

'a 



Denote by the ideal of i?^^'-* generated by the elements 



ei[Or ■■■ei+i[Or, {i = 0,...,r-2), (2.5) 
where Cj's are non- negative integers such that 

co + ■■■ + c^>bi, (2.6) 
and all the coefficients of the power series in the following form: 

eiizr ■ ■ ■ er-i{zr-\ (2.7) 
where pi, ■ ■ ■ ,Pr-i are non-negative integers satisfying 

pi + ---+Pr-i = k + l. (2.8) 

Set 

i^f'-) :=i?M/jf^). (2.9) 

Now we give a basis of the vector space For e e E^^*") we denote by e G E^j^'''^ 

the image of e by the projection E^^^ -» E^^'^'\ Let a = (ai)-^o ^ sequence of 
non-negative integers with finitely many non-zero entries. We define e(a) G E^''^ by 

r-l 

e(a) := J| ei[-n]''('-i)"+'-i 

n>0 t=l 

= •••er_i[-l]"2'-^ •••ei[-l]'''-ie^-i[0]'''-2 •••ei[0]''o. (2.10) 

A sequence a = (oj)^Q of integers with finitely many non-zero entries is called (A;, r)- 
admissible if 

0<ai<fc, ai + --- + ai+r-i < A; (2.11) 

(k r) 

for all i > 0. Denote by ' the set of all [k, r)-admissible sequences such that 

ao < bo, ao + ai < bi, . . . , ao -\ h ar-2 < br-2- (2.12) 

Proposition 2.1. T/ie set 

{^MiaeCj,'^'''^} (2.13) 

is a basis of E^J^'^^ . 

This proposition is a special case of the result by Prime |Q which we will explain 
below. Now set ei[n] = ej+i_i[n] G 5(3. Then the elements (|2.5|) satisfy 

ei[0]^«---ei+i[0]'='t;A = (2.14) 

for non-negative integers {cj} satisfying ( |2.6D and the formal power series satisfy 

eiizf^ ■ ■ ■ Br-iizf-'^ = (2.15) 
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on L{A) for non-negative integers pi, . . . ,Pr-i such that pi + • • • +Pr-i = k + 1. Hence 
the map 

e'}^'''^ 9 e ^ ewA G W{A) (2.16) 

is well-defined. Here W^(A) is the subspace defined by (|1.1| ). This map is also surjective. 

In , Prime constructed a basis of ^(A). For a = (ai)^o G C^*^-''), define the vector 
M(a) of W{A) by 



M(a) := e{a)vA. (2.17) 



Theorem 2.2. ^ Let A be the dominant integral weight given by (2.4)- Then the set 

M(A) := {M(a); a e cl^'"'^} (2.18) 
constitutes a basis ofW{A). 



From this theorem, the map (2.16|) is injective and this implies Proposition 2.1 



2.2. Characters of {k, r)-admissible configurations. Now we introduce two kinds 
of degrees on E^'^\ First we define the q-degree by 

deggei[-n] := (r - l)n + i - 1. (2.19) 

Next define the z- degree by 

deg,ei[-n] := 1 (2.20) 

for all i = 1, . . . , r — 1 and n > 0. 

Note that the ideal J!^ is generated by homogeneous elements with respect to both 
of the degrees. Hence E\ is a graded vector space with deg^ and deg^. 

(k r) 

Denote by E\.] '■ the subspace spanned by homogeneous elements of g-degree i and 
z-degree j. Consider the character 

XEiKr){q,z) := ^ (dim4';(])g*z^-. (2.21) 

A " 

i,3>0 



From Proposition 2.1, we have 

X^^,,r){q,z)= gE,>oi%-^E,>o%-. (2.22) 



This is nothing but the character of {k,r)- configurations Xk,r;hiQ, z) UFJLM]VI1 |. 

In the following we give fermionic fomulas for the characters Xfc,r;b in the two cases: 

(I) r = 2,{A = {k-bo)Ao + boAi), 
(II) r = 3,bi = k,{A = 6oAi + {k - 6o)A2). 

In other words we consider (k, 2) or (k, 3)-admissible configurations with the initial 
condition ao < 6o- 
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3. Functional realization 

From this section to Section we consider {k, 2)-admissible configurations. In the 
fohowing we fix A = (/c — 6o)Ao + 60^1 and abbreviate E^''^^ and J^''^^ to £'('^'2) and 
j(fc,2)^ respectively. 

Denote by Fn the space of symmetric polynomials with n variables: 

:=C[xi,...,x„]®". (3.1) 

Let En^ be the graded component of E^"^^ with z-degree n. 
We introduce a pairing 

(•,.): 42)^^^ (3.2) 

as follows. Set e{z) := e^^\z). Then we define the pairing by 

{e{zi) ■ ■ ■ e{zn),f{xi, . . . , Xn)) := f{zi, ...,Zn). (3.3) 

It is easy to see that the pairing (•, •) is a bilinear non-degenerate pairing. Moreover, 

(2) 

it respects the grading on En defined by the g-degree and the one on F„ defined by 
the usual degree: degXi = 1. 

Denote by Jn'^'^^ the graded component of J^^''^^ with z-degree n. 

Proposition 3.1. The orthogonal complement F^t''^^ '■= (Jn''^^)'^ C F^ is given as 
follows: 

Fi'='^):=(/eFn;/(xi,...,.„)=Oif ^i = --- = ^^+i°^ 1. (3.4) 

xi = ■■■ = xbo+i = 0. J 

Proof. From the conditions (|2.15|) and ( 2.14 ) we have e{z)^^^ = and e(0)^"+^ = 0. 
Note that 

(e(2;)^+l n"=fc+2 e(^i), f{xi, ■ ■ ■ , Xn)) = fiz, ...,Z, Zk+2, ■■■,Zn) (3.5) 

and 

(e(0)feo+i n^^6o+2 e(^i), /(^i, • • • , Xn)) = /(O, . . . , 0, Zk,+2, • • • , Zn). (3.6) 
Both of (|3.5|) and (|3.6| ) equal zero if and only if / G F^''^\ □ 



(2) 

Note that the graded components Eii and Fn are finite-dimensional and the pairing 

respects the grading. Therefore (F^'^'^'*)-'- = {Jn''^^)'^^ = J^t''^'* and we obtained the 
following. 

Proposition 3.2. The pairing {■, ■) induces a well-defined non- degenerate bilinear pair- 
ing of graded spaces 

(•,.):4'='')®Ff'')^C, (3.7) 
where E^''^^ is the graded component of E'^^''^^ with z-degree n. 
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Hence the character Xk,2;bo il^ ^) is represented in terms of the character of 
follows. The character ch Fn''^^ (q) is defined by 

CO 

chFjt'^\q) := g-dim(F^*^'2))^, (3.8) 
m=0 

where {Fn''^^)m is the graded component of degree m. Then we get 
Corollary 3.3. 

oo 

XM;6o(9,^)=E^"^^^n'''^('?)- (3.9) 

n=0 

4. Gordon filtration 

Let k G Z>o and n G 1i>k- Let A be a level-/c restricted partition of n, that is 

k 

A = (l-^2-^...,A;-'=), J]am„ = n. (4.1) 

a=l 

Denote by ma{\) the number of rows of length a in the partition (or Young diagram) 
A. Set m(A) := (toi(A), . . . , mfc(A)). 

For a sequence of non-negative integers m = (mi, . . . ,mr), we define the space of 
functions Sm by 

:= <C[x^p,. . . ® • • • ® <C[x^l\. . .,xilf-r, (4.2) 

In particular, for a level-A; restricted partition A of n, we abbreviate Sin(A) to S;!^. Now 
we define a map 

ipx:C[xu...,Xnf- (4.3) 
as follows. Fix a numbering from 1 to n of the set of indices 

{(a,z,j);l <a<A;,l<z<m„(A),l<j<a}. (4.4) 

We set (p{xm) ■= xf^^ where {a,i,j) is the m-th index in this numbering. Then the 
map <px is defined by 

^x{f{xi,---,Xn)) := f{'p{xi),...,ip{xn)). (4.5) 

Since / is symmetric, this map does not depend on the numbering. 
Introduce the lexicographical order on partitions of n by 

A ;^ /i Xj = fXj (j < p) and \p> jip , for some p. (4.6) 
We define the subspaces of F^^'^^ by 

•■= KervJAnFf'^), (4.7) 

Tx := n.yx^'u, (4.8) 

r';, := r^nKerc^A. (4.9) 
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The subspaces Fx give a filtration of Fn'"^^ and we have 

chF('='2) = j;ch(r,/r',), (4.10) 

A 

where the right hand side is the summation over all level-A; restricted partitions of n. 
For an integer s we set := max(s,0). 

Proposition 4.1. Let X be a level-k restricted partition of n. The image of the map 

(2) (2) 

fxlTx contained in the principal ideal G\ Sa, where the function G\ is defined by 

■■= n Ui-f)^''-'''' n iK-S"^ - n lu-'r' - (4.11) 

a=l j l<a<b<k i,j a=l i<j 

Hence the map v^aIfa induces the embedding of the subquotientVx/T'^ into the principal 
ideal gI^^^Sa- 



Proof. Similar to the proof of Lemma 3.4.1 and Lemma 3.4.3 in [ FKLMM |. □ 

(2) 

Our goal is to prove that the image of v^aIf^ is equal to G\ %x. 

5. Vertex operators 

5.1. Definitions. Let be a positive integer. We fix a non-degenerate symmetric 
bilinear form (•, •) on the A^-dimensional C- vector space C^. 

We denote hy 'Kn the Heisenberg algebra with unit 1 generated by the elements 
am{ot) and e'^*^") (m G Z, a G C^) satisfying the relations 

(5.1) 

[a^(a),e«('3)] = S^,o{a, P)e'^^^\ e«(-)e«(^) = e«("+^). (5.2) 

Here the generators am(a) are linear on a. 
We define the Fock space 3" by 

3^ := C[a-mia);m> 0,a G C^] C[e^(^); /3 G C^]. (5.3) 

The algebra 'K^ acts on 3" as follows: 

' (a„(a)/)®e«(^), (m < 0), 
[am{a),f]CSeQ(''\ (m > 0), (5.4) 
(a,/3)/0eQ(^), (m = 0), 

eO(")(/®eW)) = /®e«("+'3), (5.5) 

where / G C[a_m(a);m > 0,a G C^]. 

Let Q = {{am}m€Z,Ci^) be a sequence of vectors in C^. The vertex operator Xct{z) 
is defined by 

X^z) := exp (Y, z"-) exp (- ^ ^^]l!^,~-^yQi-') .M'^o) _ (5.5) 



am(a)(/®eW)) 



m / \ — ' m 

m>0 m>0 
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Introduce the normal ordering : • : on JCat: 

_ (a-s. / am(a)a„(/3), (m < 0), 

: Om(a)an(^):= < . . . . (5.7) 

[ an(p)am(a), (w- > 0), 

: ao(a)e«(^) : = : e^(^)ao(a) : = e^^'^^aola). (5.8) 

Then we have 

X^{z)X^{w) = g{z, w; oc, /3) : X^{z)X0{w) (5.9) 

where 

9iz,w;a,l3) := exp (- J] i^ZIil^ (^y") (5.10) 

m>0 

for a = ({«„}, aO) and /3 = ({/?„^}, /J^). 
5.2. Matrix elements. Set 

1/3) := 1 ® e^(^) G 3^. (5.11) 

Note that 

am{a)\P) =0, if m > 0. (5.12) 
Let G be the dual vector defined by 

(W^e««) = |^' if/ = ^^Cand/3 = ,, ^^^^3^ 
I 0, otherwise. 

Denote by the commutative subalgcbra of !Kn generated by the generators 
am{oc), (m > 0, a G C^) and 1. Consider the matrix element 

{P'\hX^,{xi)---X^„{xnm, /iG5{+, (5.14) 

for a.a = ({aa,^}) «a)' (a = 1, • • • , JT-). Prom the definiton of Xa{z), it is easy to see 
that 

n 

{(3\hX„,{xi)---X„^{xnm = unless ^'-/3 = ^aO. (5.15) 

a=l 

Theorem 5.1. Xei ota = {{aa,m} , C(a) ^ {a = 1, . . . ,N) be sequences of vectors in 
and m = (mi, . . . , ttiat), (Vrrij > 0) a sequence of non-negative integers. Denote by 
'S'm(cti; • • • ,ctN]P) the set of functions given by 

{{P + a*\hX^, ix?) ---X^, (x« ) • • • X„,(xS^^) • • • X^^{x'^^)m-h G 5c+}, (5.16) 



where a* := maCt^ and f3 G 
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Suppose that the vectors aa-m (a = 1, . . . , N) are linearly independent for each m > 
0. Then we have 

N 

a=l j l<a<b<N i,j 

N 

X l[l[g{x'^''\xf^;cXa,oca)-§m (5.17) 

a=l i<j 

for any m. 



Proof. Fix m = (mi, . . . , mAr). For h G !K^, wc set 

F{h) := iP + a^lhX^^i^'') ...X^, {xg\) ■ ■ ■ X^,{xf^) • • • (5.18) 
Then it is easy to see that 

N 

F{i) = nn(4"^)^"°''^ n ^5(4'^^^f;«-«^) 

a=l j l<a<b<N i,j 

N 

X llllg{x\''\x'f^;aa,aa). (5.19) 

a=l i<j 

For r > the vertex operator Xoi{z) satisfies 

K(7), X^{z)] = (7, a-r)z'X^{z). (5.20) 

Hence we have 

F(a,,(7i) • • • a,, (7/)) = f ^(1)' (^^' > 0)' (^-^l) 

1=1 \a=l / 

where p^"^ is the r-th power sum of x^"^ 's, that is pr ■■= Ejix'-fY- Therefore, if the 
vectors aa-r, (a = 1, . . . ,N) are hnearly independent for each r > 0, we can obtain 
any polynomial in Sm as F{h)/F{l) by taking a suitable h G IK^. □ 

6. Construction of vertex operators 
Fix a basis {ea}a=i of C*^ satisfying 

{ea,eb) = 2Sa,b- (6.1) 
For 1 < a < A;, define a sequence of vectors = ({aa.m}; "a) by 

aa,m = a° = Ca, (Vm G Z). (6.2) 

Now we set 

Ea{z) := X^^iz). (6.3) 

Then we have 

17 f \TP f \ j : Ea{z)Eb{w):, a ^ b, 

{z-wy:Ea{z)Ea{w):, a = b. 
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In particular the operators Ea{z) are commutative and satisfy Ea{z)'^ = 0. 
Set 

Ee{z) := eiEi{z) + ■■■ + ekEk{z). (6.5) 

Let A be a level-A; restricted partition of n and A' = (A'j^, . . . , A^) its conjugate (or 
transpose). Define the operator Ex by 



(6.6) 



1 / Q \ A', / a \ a;, 

E^(x^)■■■ EAxr,) 

Ve„=0 

In other words the operator Ex{xi, . . . , Xn) is the symmetrization of 

k 

n(K(^<_,+i)---^a(2;<))> (6-7) 

a=l 

where Uq = and n'^ := J2'j=i ^'j- 
Set := Y.aK'^a- Note that 

{l3'\hEx{xi,--- ,Xn)\l3) = ^ {^he^il), unless /?'-/? = e^. (6.8) 
Consider the space of symmetric polynomials 

Ux := {{I3q + e*x\hEx{xir ■ ■ , x„)|/?o); G ^C^}, (6.9) 
where /?o is the vector in C*^ uniquely determined by 

II, if a > Oo- 

Proposition 6.1. 

Ux C Tx. (6.11) 

Proof. Set 

X\ , . . . , Xn) . — 

(/?o + e^|/i^A(xi,--- ,XnW- (6.12) 

It suffices to prove 

Lpu{Fx{h;xi,...,Xn)) = ^ (6.13) 

for any v >- \ and 

FA(/i;0,...,0,Xfeo+2,...,x„) = 0. (6.14) 
First we prove ( |6.13D . Note that Ex is also the symmetrization of 
K 

n {Ei{Xn^_,+i)E2{Xn^_,+2) ' ' ' i^A,(x„,)) , (6.15) 

i=i 

where no = and rij := ^l^i Aj. From this expression and the relation Ea{z)'^ = 0, it 
is easy to see if^iFx) = for ;^ A. 
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Next we prove ( |6.14| ). Note that Ex is the symmetrization of ( |6.7| ). Consider the 
function 



(6.16) 



a=l 



From Theorem 5.1 this function (|6.16|) is a polynomial with the factor 



n 



''0 



n ~ 



2a 



(6.17) 



Hence (|6.16| ) becomes zero if 6o + 1 variables of equal to zero. This 

implies ( |6.14D because the function Fx is the symmetrization of ( |6.16 ). □ 



Proposition 6.2. 



^x{Ux) = 5'm(A)(7i, • • • ,7fe;^o), 



(6.18) 



where S^(^x) ^he space defined in Theorem 5.1 and the sequences of vectors 7^ 
({7a,m}, 7a)' {a = I, . . . ,k) are defined by 



Proof. From the relation Ea{z)'^ = 0, we have 



k rna(X) 

^x{Ex{xi,...,Xn))=Zx\{ n {E^{xf)...Ea{xf) 

a=l j=l 



(6.19) 



(6.20) 



where zx is a constant defined by := 110=1(^0™" ^"^^^ Moreover, we see that 

Ei{x)---Ea{x)=:Ei{x)---Ea{x):=X^^{x). (6.21) 
This completes the proof. □ 

Note that the vectors ^a-m, {a = I, . . . ,k) defined in ( |6.19| ) are linearly independent 
for each m > 0. It is easy to check that 



9 



{z,wnanb) = {z-wf^<^''\ (7°,/3o) = (a -60)+. 



(6.22) 



Therefore, from Proposition |4.1| , Theorem 5.1 and Proposition we see 
Corollary 6.3. 

^x{Tx) = Sa. (6.23) 
Example. Consider the case of A: = 3, 60 = 1 a-^d n = 3. Then the Gordon filtration is 



.(3,2) 



r(2,i) D r(i,i,i) D {0}, 



(6.24) 
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where 

Ff') = \ f{x,,x,,x,)GC[x,,X2,x,f-^-J = 0ii''' \. (6.25) 

\^ Xl = X2 = J 

r(i,i,i) = {/(xi,X2,a;3)GFf'');/ = 0if xi=X2} (6.26) 

= {f{xi,X2,X3)£C[xi,X2,X3]'^'-^;f = 0iixi = X2}- (6.27) 
The map ipx is defined by 

^2,1) ■■ fixu^2,X3) ^ fixf\xf\x^^^) e C[x^^^]<E)C[xf\ (6.28) 
nw) ■■ fi^u^2,X3) ^ fix^^\x^^\x'i^) G C[x^^\x^^\xil^f\ (6.29) 
Corollary shows that 

'^(2,i)(r{2,i)) = x^i\x? - ))2c[x«] C[xf\ (6.30) 

9^(1,1,1) (r(i,i,i))= n (4'^-4'^)C[xi^\x«,x«]®3. (6.31) 
i<«<i<3 

7. Fermionic formula 
Recall Corollary |3.3| : we have 

oo 
n=0 

(fe 2) I 1 

Now let us write down the character of Fn ' . From Proposition 4.1 and Corollary 



6.3| , we find 

ch(r,/r',)=ch(Gf Sa). (7.2) 

It is easy to obtain the formula for ch(G^^''SA). Introduce the k x k matrix A^"^^ 
defined by 

A^^^ = (4?)i<a,6<fc, 4? ■■= 2min(a, b). (7.3) 

(2) 

Denote by c^^ the vector defined by 



-bo 

Then we have 



:=(0,...,0,l,2,...,fe-6o). (7.4) 



|(*mA(2)m^(diagA(2)).m)+cf'-m 



ch(r,/r'J = ch(Gf Sa) = — , (7.5) 

where m = *m(A) = *(mi(A), . . . , mfc(A)) and (g)„ := ]Xj=ii^~Q'')- Here the numerator 

i 
1 



in (|7.5|) represents the degree of G)^ and the part 



(9)mi(A) • • • (9)mfe(A) 

is the character of S^. 



(7.6) 
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Substituting ( [7^ ) into ( |4.1CI|) , we get the fermionic formula for {k, 2)-admissible con- 
figurations: 

Theorem 7.1. 

oo l('myl(2)m-(diagA(2)).m)+c^^^-m 

X2,rMiQ^^) = Yl Yl T^A — (^•^) 

n=\j m]^+2m2H \-kmf^=n ^ ' -'- ^ 

mi >0 

where A^"^"^ is the k x k matrix defined by ( \7.3i) , c^^J is the vector defined by /\7.4\ ) and 
m = \mi, . . . ,mk). 

8. Fermionic formula for xk,3 

In this section we consider the case where r = 3 and b = (bQ,k). We fix A = 
6oAi + {k — 6o)A2 and abbreviate E^J^'^^ and J^'^^ to £'('^'3) and respectively. 

8.1. Functional realization of W^'''^\ Consider the space of polynomials 

Fi,,i, := C[xl xlfh C[yl . . . , ylf'2 • UU Vj- (8.1) 

Let us introduce a pairing 

(.,•>: ®( Fh,h)^C (8.2) 

il,i2>0 

as follows. Set 

a{z) := e^^\z'^), b{z) := ze^^^z'^). (8.3) 
Then we define the pairing by 

{a{zi) • ■ ■ a{zi^)b{wi) • • • h{wi^)J{xi,. . . , ; yi, . . . , y^a)) 

:= 5i^mi5i^m2f{zi, ■ ■ ■ ,zi^;wi, . . . ,wi^) (8.4) 

(3) 

for / G Fmi,m2- This pairing is non-degenerate and respects the gradings on En 
and (Bi-i^+i2=nFi-i,i2- Here the grading on ©/i+i2=n.-P)i,/2 is the usual one defined by 
degxi = 1 = degyi. 

Let us determine the orthogonal complement -F/^^;^^ := ( Jn'^'^'*)"'" PiFi-^^i^ with respect 
to the pairing defined above. Denote by Ii^f^ the space of functions 

g{xi,...,xi,;yi,...,yi,,) G C[xi, . . . ,xi^fh ® C[yi, . . . , yz^]®'^ (8.5) 

such that 

g = if xi = ■ ■ ■ = Xa = yi = ■ ■ ■ = yti (a > 0,b > 0,a + b = k + 1), 

or xi = • • • = Xbo+i = 0. (8.6) 

Proposition 8.1. 

Fl^'ff = {g{xl ...,xf^;yl..., ylm%i Vf^a^ I^SY (8.7) 

The proof is quite similar to that of Proposition p.l| . 
From this proposition, we have 
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Proposition 8.2. The pairing (8^) induces a well-defined non- degenerate bilinear 
pairing of the graded spaces 



(.,.): F(';;f)^c. (8.8) 



Introduce the usual grading on ij^fj and denote by ch ij^^f^ (q) the character of the 
graded space Ii^f^ with the formal variable q. From Proposition |8.l| we have 

chF(';;f(g) = g'^chigJ(g2). (8.9) 

Hence the character of (A;, 3)-admissible configurations is given as follows. 
Corollary 8.3. 



XkMi>o,k){l^^)=J2 E ^Vchl5f(g2). (8.10) 

n=0 li+l2—n 



8.2. Gordon filtration. Let us introduce a filtration on 

For a partition A of n, let us write clearly the variables in Sa by Sa = §a(2;)- Let A 
and jj, be level- /c restricted partitions of li and I2, respectively. We denote by ip\^^ the 
tensor product of if\ and f^: 

^x,^ ■.= ipx(^ip^,:C[xi,...,xi,fh 0C[yi,...,yi,fh ^ S^(x) S^(y). (8.11) 
We define the lexicographical order on pairs of partitions by 

(A«,A.«)^(A(2),^(2)) ^aW^A(2), orAW = A(2)and/x«^//(2)^ (8^12) 



(k 3) 

Now let us define the subspaces of \J by 



X,fi 



r' 



Kerc^A.^n/ft^ (8.13) 
^{iy,K.)y{X,ti)3'u,K, (8-14) 
rA,^nKer(/PA,M- (8-15) 



(k 3) 

The subspaces Fa.^ give a filtration of /^^ \J and we have 

r(fc,3) 



«h^D: = E^h(WrU. (8.16) 

(a,m) 



In the same way as the proof of Proposition [4.1| , we can show the following: 

Proposition 8.4. Let A and fx be level-k restricted partitions of li and I2, respectively. 
The image of the map </'A,/j|r;^^ is contained in the suhspace G\^^-{^\{x)®§>fj,{y)), where 
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the function G\^fj, is defined by 

l<o<o'<fc i,j a=l i<j 

l<b<b'<k i,j 6=1 i<j 

X n Ui-'i^^ -yf^r'-'UU(-f)^^~''^'- (8-17) 

l<a,b<k ij a=l j 

a + b>k 

In the following, we prove that the image of ^x,^\rx ^ is equal to Gx^^ ■ {Six{x) S/i(y)) 
by using vertex operators in the same way as before. 

8.3. Construction of vertex operators. Decompose C^*^ into k orthogonal compo- 
nents 

C^i^ = Vi®---®Vk, VjC^CMj = l,...,k). (8.18) 

We define a basis of C*' as follows. Take a basis {e^, ej} of Vj 2± such that 

(6±e±) = 2, {ef,ef) = l. (8.19) 

Then the set of vectors {e^, e^, . . . , e^, e^} is a basis of C^*^. 

Let cxj = {{aj^m}, ct'j) and /3j = ({/3j,m}) f^), {j = ^, ■ ■ ■ ,k) be sequences of vectors 
in Vj C C^^^ defined by 

a,-,m = a° = e+, Pj,m = Pj = eJ , (Vm G Z). (8.20) 
We define the vertex operators Aa{z) and Bi,{z), {a,b = 1, . . . ,k) by 

Aa{z) := X^^iz), B,{z) := X^^(z). (8.21) 
These operators satisfy 

Aa{z)Ah{w) = {z-wf^^'» :Aa{z)Ab{w):, (8.22) 

Aa{z)Bb{w) = {z- w)^^'^ : Aa{z)Bb{w) :, (8.23) 

Ba{z)Ahiw) = {z- wY^^^ : Ba{z)Ai,{w) :, (8.24) 

Ba{z)Bb{w) = {z- wf<' : Ba{z)Bb{w) : . (8.25) 

In particular, we have 

Aa{z)Ah{w) = Ab{w)Aa{z), Ba{z)Bbiw) = Bb{w)Ba{z) (8.26) 

for a, 6 = 1, . . . , fc, and 

Aa{zf = 0, Bh{zf = 0, Aa{z)Ba{z) = = Baiz)Aa{z) (8.27) 

for a = 1, . . . , A;. 
Now we set 

A, {z) := eiA^iz) + ■■■ + ekAk{z), (8.28) 

B, {z) := eiBkiz) + ■■■ + ekBi{z). (8.29) 



20 



B. FEIGIN, M. JIMBO, T. MIWA, E. MUKHIN AND Y. TAKEYAMA 



Note that the ordering of operators is reversed in ( 8.28 ) and (|8.29| ). 

Let A and fj, be level- A; restricted partitions of h and h, respectively. Define the 
vertex operatos Ax{xi, . . . , x„) and B^{yi, . . . ,yi) by 



B,{yu ...,m):= n ^ (^) ^e(yi) • • • B^im 



V£a=0 



V£a=0 



.30) 



.31) 



where A' = (A'^^, . . . , A^) and fi' = {fi'i, . . . , fi'f^) are the conjugates of A and /i, respec- 
tively. 



Set 



^2k 



.32) 



a=l 



b=l 



Let 7o be a vector in C^^ uniquely determined by 

' 0, (a < bo) 



(4 >7o) 



, (eb",7o) = 0, {l<b<k). 



1, (a > bo), 
Consider the space of functions 

Ux,^ := {{jo + elJhAxixi, . . . ,Xn)B^{yi, . . . ,yi)\jo);h G Ji+^J. 
From ( |8^ ) it is easy to see that 

Ux,^, C C[xu...,xnf" 0C[yi,...,yifK 



133) 

iM) 
135) 



Moreover, in the same way as Proposition 6A we have 
Proposition 8.5. 

Ux,ij. C Tx,fj,. 
The image ^x.fj.iUx^ix) is given as follows. 
Proposition 8.6. 

95A,M(t^A,Ai) = 5'm(A),m(^j)(7|, • • • ^k-'^l^ 



.36) 



.7fc;7o)- 



.37) 



Here the right hand side is defined by I ^.16^ with the substitution x^^^^^ := y^"',{b 



.(b) 



1, . . . ,k). The sequences 7^ = ({7^^}) 7^'*^) '^'^^ given by 



,0 



7a,m = 7a = X] 4' = 7a = X] ^fc+l-a' (^"^ ^ 



.38) 
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Note that the vectors 7^_m) {a = 1, . . . , k) are hnearly independent for each m > 0. 
Hence we can apply Theorem |5.1| . The functions g(z, u;; 7^, 7^) are given by 



[z — w 



a a + b > k, 
1, ii a + b < k, 

(7a+'°,70) = («-&0) + , (7a 70) =0. 

Therefore we see that 
Corollary 8.7. 

y^\A^^,^^) = <^A,/x • {S>x{x) S^(y)). 



^.39) 
^.40) 
^.41) 

142) 



8.4. Fermionic formula. From Proposition |8^ and Corollary |8.7| , we have 

ch(r,,^/r^,^) = ch(GA,^ • (§a(^) SM(y))). (8.43) 

The character of Ga,^ • (Sa(3:^) S/x(y)) is given as follows. Introduce the 2k x 2k 
matrix A defined by 



A :-- 





5(3) 




^(2) 



where A^"^^ is the matrix defined by (|7.3D and i?(3) defined by 

^^'^ = (^l?)i<a,6<fc, ^1? := max(0, a + b-k). 
For example, the matrix A for /c = 1, 2 and 3 is given by 



^.44) 



(8.45) 














( ^ 


2 


2 








1 \ 


/ 2 


2 





1 \ 




2 


4 


4 





1 


2 


2 


4 


1 


2 


and 


2 


4 


6 


1 


2 


3 























1 


2 


2 










1 


2 


2 


2 


V 1 


2 


2 









1 


2 


2 


4 


4 












V 1 


2 


3 


2 


4 
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^.46) 



(3) 

respectively. We denote by c^^ the vector defined by 

eg) := ( 0,...,0,l,2,...,fc-6o ,0,...,q). 

A; k 

Then we have 



^ ('mylm— (diagA)-m)+c['^^ -m 



ch(GA,M-(SA(x)0S^(y))) 



*(mi(A), . . . ,mfc(A),mi(/i), . . . ,mfc(/x)). 



.47) 



.48) 



where m 

From ( 8.4^ ) and Corollary |8.3| , we obtain the fermionic formula for the character of 
{k, 3)-admissible configurations: 
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Theorem 8.8. 

Xfc,3;(bo,fc)(9'^) (8-49) 

*mylm— (diagA)-m+2cj|''^ -m 



h-'2>0 (i=l',2) 



where A is the matrix defined by ({8.44 )) is the vector defined by ( 8.4^1 ), m = 
*(mi,i, . . . ,mi,fc,m2,i, . . . ,m2,fe) and {q^)m ■= lYJLiC^ - (f'^)- 

9. Another fermionic formula for Xfc.s in a special case 

In this section we consider (/c, 3)-admissible configurations with the initial condition 
b = that is, ao < [^y^]- In this special case we can find another fermionic 

formula. As a consequence we get non-trivial equality between the different fermionic 
formulas for the character with b = 

(k 3) 

9.1. Functional realization. First we give another functional realization of E\ ' for 

A = 60A1 + {k- 6o)A2. We fix A and abbreviate E^f '^^ and jj'"'^^ to EC"'^"! and J^'^'^), 
respectively. 

Let Fn = C[xi, ... , Xn]®". Define a pairing 

(•,.): ^^^^C (9.1) 

by 

{e{zi) ■ ■ ■ e{zn), f{xi, Xn)) ■■= f{zi, Zn), (9.2) 

where 

e(z) :=e«(z2)+ze(2)(z2). (9.3) 

(3) 

This pairing is non-degenerate and respects the grading on En and F„. 

Proposition 9.1. The orthogonal complement Fn''^'^ '■= {Jrt'^^)'^ is the space of func- 
tions f{xi, . . . ,Xn) G En such that 

J - Q if Xi = ■ ■ ■ = Xa = -Xa+l = ■■■ = -Xk+1 (0 < Va < /c + 1) or 
xi = ■■■ = Xbo+1 = 0. 

Proof. Recall that j!^'^^ is the ideal generated by the coefficients of e*^^) (z)"e^'^^ (^)^) (ct+ 
P = k + l) and the element e(^)(0)^o+^ It is easy to see that the condition 

e(^) (z)"e(2) {zf = 0, for a + (3 = k + l (9.5) 

is equivalent to 

e(z)'^e(-z)*^+^-'' = 0, for < a < A; + 1. (9.6) 



From this observation the proposition follows in the same way as Proposition 3.1. □ 
Hence we have the following. 
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Proposition 9.2. The pairing (9A) induces a well-defined non- degenerate bilinear 
pairing of the graded spaces 

{; •) : Fi'^'^) C, (9.7) 

where e!^'^^ is the graded component En'^^ '■= En^ / J^'^\ 

Therefore the character of {k, 3)-admissible configurations is given as follows. 
Corollary 9.3. 

oo 
n=0 

9.2. Gordon filtration. For a level-A; restricted partition A we defined the map 

^x-C[xi,...,Xnf- ^§x (9.9) 



in (4.3). Using this map we define the subspaces 3'x, Tx and T'^ as in the case of r = 2, 
that is, 



A 



3'. 
Tx 

r'x 



Kervj^nFf'^), (9.10) 

n,^x%, (9.11) 

TxnKeiipx. (9.12) 

Then we have 

chFi'^'^ = Y,M^x/r'x). (9.13) 

A 

Proposition 9.4. Let X be a level-k restricted partition of n. Then the image of the 
map ^x\tx contained in the principal ideal G^^^Sxj where G^^^ is defined by 

Gf^=GfGf\ (9.14) 

(2) F 1 

Here G\ is the function defined by ^4-1 a )- 



(3) 

Proof. It suffices to prove that the function in the image of <fx\rx divisible by Gx ■ 
Denote the variables Xp such that ipx{xp) = xf^ by x^f^ ,{l = l,...,o). We can 
carry out the evaluation of ipx in two steps: ^x{F) = ^2{^i{F))-, where (pi is the 
evaluation of all variables except {x^'^^}^^-^ and (^2 is the evaluation of the variables 
{x^°^)}Ui- Let Fi := ipi{F) for F £ Fx- As a polynomial of x[f,{l = I,..., a), Fi 
is symmetric. Moreover, Fi equals zero if (k — b + 1) variables of {a^^';^} are equal to 
—x^j'^ for b = 1, . . . ,k such that a + b > k. Therefore, the following lemma implies that 
cpx{F) = ip2{Fi) is divisible by G$f \ □ 
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Lemma 9.5. Let f{xi, . . . ,Xm) be a symmetric polynomial satisfying 

/(xi, . . . , Xm) = 0, if xi = ■ ■ ■ = Xs = a 
for some constant a. Then the polynomial f{x, . . . ,x) is divisible by (x 



(9.16) 



\m—s+l 



G^^^§\ is surjective, we get the fermionic formula 



This lemma is easy to prove. 
If the induced map ipx : r;^/r';j^ 

for ch F^i^'^^ by ( p. 13 ). In fact the induced map is surjective. We can see this fact from 
the formula for the character of {k, 3)-admissible configurations obtained in pJMMT2 ]. 
Here we do not assume this result. We have proved the surjectivity by using vertex 
operators only in the case of bo = [^y^]- In the following we consider this special case. 

9.3. Construction of vertex operators. First we consider the case that k is odd. 
Set k = 2l + l. Note that bo = [^] = 1 + 1. 

Decompose C'^ into / + 1 orthogonal components 

= V®V^®■■■®Vl, F~C, Vj c^C'^,{j = l,...,l). 



V®Vi®---®Vi, F~C, 
Take a vector eo € 1^ — C such that (eo,eo) 



(9.17) 

1. Next we take a basis {^f^^J} of 



Vj ~ satisfying ( 8.19 ). Then the set of vectors {e, e^, , . . . , , } is a basis of 

Let OL = {{am}, cP) be a sequence of vectors in 1/ C defined by 

'° •-\/3eo, a2m+i := eo, (m G Z), (9.18) 



a 



0L2r. 



and = ({a^m}' '^T '^)' = 1' • • • ) sequences of vectors in Vj C defined by 



±,0 



We rename the sequences a and o:^- , (j = 1, . . . , /) to /fl^j, (a = 1, . . . , A;) by 



/3« 



a.. 



1 < a < /, 
a = / + 1, 



Now we define the vertex operators Ea{z),{a = 1, . . . ,k) by 

Ea{z) :=X^^{z). 
These operators satisfy the following: 



' {z - wf : Ea{z)Eb{w) :, a = 6 / / + 1, 

(z - w f{z + w) : Ea{z)Eb(w) :, a = b = I + 1, 

(z + w) : Ea{z)Ei,{w) :, a + b = k + l,a I + 1, 
: Ea{z)Ei,{w) :, otherwise. 



In particular, 

for a, 6 = 1, . . . , A;, and 



Ea{z)Ebiw) = EbHEaiz^ 

Ea{zf = 0, Ea{z)Ek+^_a{-z) = 







(9.19) 

(9.20) 
(9.21) 

(9.22) 

(9.23) 
(9.24) 
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for a = 1, . . . ,k. 

As in the case of r = 2, we set 

E,{z) := eiEiiz) + ■■■ + ekEk{z). (9.25) 
For a level-A; restricted partition A of n, we set 

aUl. ...,:.„):= Ux'ii-T ' • • ■ • • ""''""'Iv-^o- 

where A' = (A'^, . . . , A^) is the conjugate of A. 
Set 

el := Ei=i + V3A;+,eo + A^.^.-^.^, G (9.27) 

Then we see that 

(/?|/i£;a(xi,--- ,j;„)|0) =0, (V/iG 5{+), unless /3 = (9.28) 
Consider the space of symmetric polynomials 

C/a :={(e^|/iSA(xi,--- ,x„)|0);/ie5{+}. (9.29) 

Proposition 9.6. 

[/a C Ta. (9.30) 



Proof. In a similar way to the proof of Proposition |6.1| , it can be shown that 'f^{U\) = 
for any ^ sue 
equivalent to 



(k 3) 

for any ^ such that ji > \. Hence it suffices to prove that U\ G Fn , and this is 



£'a( x, ■ , X , -x, ■ .J , -x , 3;fc+2, • • • , Xn) = (9.31) 

p k+l—p 

for p = 0, . . . , fc + 1, and 

Ex{Q^_^jj2; ^[{fe+i)/2]+2, . . . , 2;„) = 0. (9.32) 

«+2 

This follows from the relation ( p.24| ). □ 
From the relation Ea{z)'^ = 0, the following proposition holds as in the case of r = 2: 
Proposition 9.7. 

^A(^A) = 5m(A)(7i,--- ,7fc)- (9.33) 
Here the sequences of vectors 7^ = ({7a,m}i 7a)i (a = 1, • • • , fc) are defined by 

la,^ ■■= EU Pj,m, (Vm G Z), 7O := ^^=1 (9.34) 
where f3j = {{Pj,m}, Pj), (j = Ij • • • j ^) are defined in ( \9.2(\ ). 



26 B. FEIGIN, M. JIMBO, T. MIWA, E. MUKHIN AND Y. TAKEYAMA 

Note that the vectors 7a,-m5 {a = 1, . . . , k) are hnearly independent for each m > 0. 
Hence we can apply Theorem [5.1|. Then the function (7(2, u;; 7^, 7^) is given by 



Therefore we find 
Corollary 9.8. 



(^A(rA) = Cf Sa- (9.36) 



Now we consider the case that k is even. Set k = 21. The proof of Corollary for 
this case is quite similar to the case that k is odd. 

First introduce the vertex operators Ea{z),{a = \^ . . . ,k) as follows. 
We decompose C'^ into / orthogonal components 

C'= = Vie...©V^, Fj~C2,(j = l,...,/). (9.37) 

Take a basis {e/'S"} °^ " satisfying (|8lg| ). Let cxf = ({a^^^}, '°), (j = 
1, ...,/) be sequences of vectors in Vj C C'^ defined by ( 9.19 ). We rename the sequences 
, (j = 1, • • • , to /3a, (a = 1, ... , k) by 

/3. := I ' - " - (9.38) 

i "fc-a+i' Z + l<a</i:. 

Then we define the vertex operators Ea{z),{a = 1, . . . ,k) by 

Ea{z) :=X^^{z). (9.39) 

These operators satisfy the following: 



EJz)Eh(w) 



{z -wf : Ea{z)Eb{w):, a = b, 
(z + w) : Eaiz)Ebiw):, a + b = k + l, (9.40) 
: Ea{z)Eh{w):, otherwise. 



The commutation relations ( |9.23| ) and ( |9.24[ ) hold also in this case. 

Next we define the operator E\{xi, . . . , x„) by ( p.26| ) for a level-A; restricted partition 
A, and consider the space of matrix elements Ux defined by ( |9.29| ), where is given by 



Then it is easy to see that Proposition |9.6| and Proposition |9.7| hold. The vectors 
7a, -mj (a = 1, . . . , /c) in Proposition |9.7| are linearly independent for each m > also in 
this case. The function ^(z, t;;; 7^, 7^) is given by ( 9.35| ). Therefore Corolally |9.8| holds 
also in the case that k is even. 



FERMIONIC FORMULAS FOR (fc, 3)-ADMISSIBLE CONFIGURATIONS 



27 



9.4. Fermionic formula. At last we write down the fermionic formula for (k, 3)- 

2 J- 



admissible configurations with the initial condition < T-^+ii 



From Proposition 9.4 and Colrollary |9.8| , we have 

cMFa/F'J =ch(Gf Sa). (9.42) 

(3) 

In order to write down the character of §\ we introduce the kx k matrix B defined 
by B :=y4(2) +^(3)^ that is, 

B = {Bab)i<a,b<k, Bab:=2mm{a,b) + {a + b-k)+. (9.43) 

Then we have 

i(*mi3m— (diag_B)-m)+c'^'^-i^ -m 

ch(Gf Sa) = , , (9.44) 

[Q)miiX) ■ ■ ■ [(l)mk(X) 

where cj^tn is defined by with bo = [^]. 

I- 2 J 

Finally we get 
Theorem 9.9. 

^ i(*mBm-(diag_B)-m)+c|^>^j^-m 

X3,.;([^],,.)(9'^) = E E (a) ...(a) (9.45) 

m-^,... ,Tnj^ >0 

where B is the k x k matrix defined by ( 9.4!^) , c[fe+i is the vector defined by ({7.4) and 
m = *(mi, . . . ,mfc). 



10. Discussion 



10.1. The vertex operators constructed in Section 3.2 are a part of a vertex operator 
realization of sts of level k. Here we describe the entire algebra 5(3 using the vertex 
operators in the cases of k = 1 and k = 2. For A; > 3, the algebra is constructed as the 
tensor product of these algebras as mentioned in Introduction. 
The k = 1 case. Set 



(z) := Ei{z) = X^{z), 0+(z) := X_Jz), (10.1) 



z) := V a„z-"-\ (t>{z) ■.= :4>-{-z)Mz) (10.2) 
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where cx = {{am}^oP) is defined by (|9.18|) and — a := ({—am}, —oP). We abbreviated 
0"n{(y.n) to Qn- The Operator product expansion is given as fohows: 



(t}o{z)(t)±{w) 
4>q{z)4>{w) 

4'o{z)(l>o{w) 



~ < 



1 



1 1 

+ 



{z — w)^ 2w z — w 
, z + w 4w'^ 



(z = w), 



w), 



~ < 



, {z = w), 



z — w 
z + w 

4>{w) 

_z — w' 

iM, 

z + w 

z — w 
0, [z = -w) 



, {z = w), 



-w 



0, iz = w), 
4w^ 



Aw 



{z + w)"^ z + w 
2 



{z = w), 
{l + 2w{Mw) 



(10.3) 



(10.4) 



(10.5) 



(10.6) 



-w))) , {z = -w), 



(10.7) 



(z — w)^ 



I {z + wy 



, {z = w), 



(10.8) 



-w 



The operator 4>±{z)(j)±{w) is regular at z = ^w. 
The generators of 5 [3 of level one are given by 



.{z) = ^e2i[n]z 2" + ^e3i[n]z 

n n 

-(^) = E^i2Nz-2"-3 + ^ei3[n] 



2n+l 



-2?i-4 



(10.9) 

(10.10) 



5 1 



1-, 



- + -z(i)o{z) + -(t){z) = ^ e32[njz 

n 

- + -Z(t)o{z) - -(p{z) = 623 



-2n+l 



-2n-l 



^/.i3(n|2-2», (10.11) 



12 FF 



-2n 



(10.12) 



Here we set hij := en — ejj. 
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The k = 2 case. Set 
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z) ■.= Ei{z)+E2{z)=X^+{z)+X^-{z), (10.13) 

z):=X_^+{z)+X_^-{z), (10.14) 

z) :=^a„z-"-\ (10.15) 

n 

z) ■.= :XU-z)X- (z) ■. + :X- {-z)X_^+{z) :, (10.16) 



where ctf is defined by ( 9.19 ) and On := an{ai n)+o-n{oii^n)- Then the operator product 
expansion is given as follows: 



4>~{z)(l>+{w) 
(t>±{z)4>{w) 

'4>{z)4>{w) 

(ko{z)(t)Q{w) 



+ 



z — w 



{z — w)"^ 

4>{w) 

-, {z = -w), 



{z = w), 



~ < 



I, z + w 

z — w 
z + w 

_z — w 
(t){w) 



, {z = w), 
(z = -w), 



, {z = w), 



z + w 
(l)±{±w) 



z — w 
0, (z = -w) 

0, {z = w), 
2 

+ 



(z = w), 



1 



{z + w)'^ z + w 
[z = w), 



boiw) - (j)o{-w)) , {z = -w), 



(z — wy 



(z + w)'^ ' 



{z = —w). 



(10.17) 
(10.18) 

(10.19) 

(10.20) 
(10.21) 

(10.22) 



The operator (j)±iz)(p±{w) is regular at z = ±111. 
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The generators of 5(3 of level two are given by 

= j;e2iNz-2" + ^e3iNz-2-+i, (10.23) 

n n 

4>+{z) = j;ei2[n]z-2"-2 + ^e^3[^]^-2n-3^ (10_24) 

n n 

-2 + ic/>o(z) + \l>{z) = e32N^"'" - E /ii3N^-'"-\ (10.25) 

n n 

-1 + - \l>(z) = ^e23Nz-2"-2 - ^/ii2Nz-2n-l. (10.26) 

n n 

10.2. Our problem is to obtain the fermionic formula for the character of (/c, r)- 
admissible configurations with the initial condition (|2.12| ). In previous sections we 
obtained the fermionic formulas for (fc, 2) and (/c, 3)-admissible cofigurations with the 
condition uq < Bq. For the case of r = 2 our result is sufficient because the condition 
do ^ ^0 is the only initial condition. However, in the case of r = 3, we should consider 
not only the condition oq < bo but oq + ai < 6i. The fermionic formula we obtained in 
Section |^ is for the case of 6i = A:. Here we consider the case of 6i < k. 
The definition (|8.6| ) of the space Ii^f^ is replaced by 

g = if xi = ■ ■ ■ = Xa = yi = ■ ■ ■ = Vb, {a > 0,b > 0,a + b = k + 1), 

or xi = ■■■ = Xbo+i = 0, (10.27) 
or xi = ■ ■ ■ = Xs = yi = ■ ■ ■ = yt = 0, (s > 0,t > 0, s + t = bi + 1). 

The functional realization F^^f^ is given by ( ^.7] ) with this redefined space if^f^ ■ 

Now introduce the filtration {Fa,^} on l\^f^ by ( 8.14 ) and consider the image of 
^x,pl\tx^ as in Proposition Then the image is contained a space of functions 

described as follows. For a partition p = {pi,p2,...) denote by mp(xi, . . . , x„) the 
monomial symmetric funtion: 

mp{xi,...,Xn) :=Sym(xf •••<"). (10.28) 

Let Ix,fj, be the ideal of Sa(x) (8) S^(y) generated by the elements 

m^a)(xl"\ . . . ,4")(,))m^(.)(yf\ . . . J^l^^^) (10.29) 



such that 



and 



Then it can be shown that 



6i<a + 6<A;, ma(A) / 0, m5(/i) / (10.30) 



P^lix^ + > b-{b^- bo)). (10.31) 



,^(Fa,.) C G,,,lll[iyf^)^'-'^^^ ■ h,,. (10.32) 



b=i j 
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In Section ^ we proved that the two spaces in ( 10.32| ) are equal in the case of bi = k 



using the vertex operators. For the case of 61 < A; we do not have proof or disproof of 
this equahty. 
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